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R.N.Syzdykova1, Kur. R. Myrzakul2, G.N.Nugmanova3 and R.Myrzakulov4
Institute of Physics and Technology, 480082 Alma-Ata-82, Kazakhstan
Abstract
The connection between multidimensional soliton equations and dif-
ferential geometry of surfaces/curves is discussed. A classes integrable
surfaces (and/or curves) corresponding to the well known (2+1) - di-
mensional soliton equations are constructed. Examples of such equations
include: the Davey - Stewartson, Zakharovs, Kadomtsev - Petviashvili,
(2+1)-mKdV, (2+1)-KdV and Knizhnik - Novikov - Veselov equations.
Using the presented geometrical formalism the equivalence between these
soliton equations and their spin counterparts are established. The inte-
grable curve/surface corresponding to the self-dual Yang-Mills equation is
constructed.
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1 Introduction
Recently many works have been devoted to the study on motion of curves ad
surfaces. One of the interesting motivations is the relation to soliton equations
[1-10]. In particular, the geometrical formulation may set a suitable basis for
the description of higher dimensional soliton equations [9-14]. In this note we
would like to discuss the simplest and most transparent differential-geometric
appearance of the some soliton equations in multidimensions (see, also , [16-27]).
Three equations of the differential geometry are may be starting points of
the soliton geometry: the Serret-Frenet equation (SFE), the Gauss-Weingarten
equation (GWE) and the Gauss-Mainardi-Codazzi equation (GMCE). We begin
with the presentation of these equations.
1.1 The Serret-Frenet equation
The SFE has the form 
 e1e2
e3


x
=

 0 k 0−βk 0 τ
0 −τ 0

 (1)
2
where k, τ are the curvature and torsion, x is the arc-length parameter, e1, e2
and e3 are the tangent, normal and binormal vectors, respectively with
e21 = β = ±1, e22 = e23 = 1 (2)
where β = +1 corresponds the the focusing case and β = −1 corresponds to
the defocusing case.
1.2 The Gauss-Weingarten equation
Let us consider a surface in R3 equipped (locally) with coordinates x, y and
defined by the position vector r = r(x, y) ∈ R3. Then the GWE reads as
rxx = Γ
1
11rx + Γ
2
11ry + Ln (3a)
rxy = Γ
1
12rx + Γ
2
12ry +Mn (3b)
ryy = Γ
1
22rx + Γ
2
22ry +Nn (3c)
nx = p11rx + p12ry (3d)
ny = p21rx + p22ry (3e)
where Γkij are the Christoffel symbols. This equation can be rewritten in the
form
Zx = AZ, Zy = BZ (4)
where Z = (rx, ry,n)
t and
A =

 Γ
1
11 Γ
2
11 L
Γ112 Γ
2
12 M
p11 p12 0

 , B =

 Γ
1
12 Γ
2
12 M
Γ122 Γ
2
22 N
p21 p22 0

 . (5)
On the other hand, in terms of the orthogonal frame
e1 =
rx√
E
, e2 = n, e3 = e1 ∧ e2 (6)
the GWE takes the form
 e1e2
e3


x
= A

 e1e2
e3

 ,

 e1e2
e3


y
= B

 e1e2
e3

 . (7)
Here
A =
1√
E


0 L − g√
E
Γ211
−βL 0 −gp12
βg√
E
Γ211 gp12 0

 , B = 1√
E


0 M − g√
E
Γ212
−βM 0 −gp22
βg√
E
Γ212 gp22 0


(8)
where g = EG− F 2.
3
1.3 The Gauss-Mainardi-Codazzi equation
Integrability conditions for the GWE can be derived from
rxxy = rxyx, rxyy = ryyx (9a)
or
ejxy = ejyx (9b)
and are equivalent to the following GMCE
Ay −Bx + [A,B] = 0 (10)
where A,B are given by (5) or (8). In general, this equation is apparently
nonintegrable. Only in some particular cases it is integrable (see, e.g. [33]).
Also it admits some multidimensional extensions, e.g. in 2+1 dimensions. It
is remarkable that some of these (2+1)-dimensional extensions are integrable,
e.g. the M-LXII equation (19).
2 Soliton geometry in d = 2 dimensions
To make exposition self-contained, we expose here some neccessary to us well
known basis facts from the 2-dimensional soliton geometry. We must construct
two-dimensional generalization of the SFE (1). The simplest and well known
two-dimensional extension of the SFE has the form
 e1e2
e3


x
= A

 e1e2
e3

 ,

 e1e2
e3


y
= B

 e1e2
e3

 (11)
where
A =

 0 k −σ−βk 0 τ
σ −τ 0

 , B =

 0 m3 −m2−βm3 0 m1
βm2 −m1 0

 . (12)
In fact, this equation is equivalent to the GMCE (10) with
k =
L√
E
, σ =
g
E
Γ211, τ = −
g√
E
p12 (13a)
m1 = − g√
E
p22, m2 =
g
E
Γ212, m3 =
M√
E
(13b)
so that the compatibility condition of the equations (11) is the GMCE (10). In
this paper we usually suppose that the variables k, τ, σ,mj are some functions
of λ (the spectral parameter).
3 Soliton geometry in d = 3 dimensions
3.1 Curves and Surfaces in 2+1 dimensions
It is known that the 2-dimensional SFE (11) or the GWE (7) admits several
(2+1)-dimensional integrable and non integrable generalizations, which describe
curves and surfaces in 2+1 dimensions. Here some of them.
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3.1.1 The M-LIX equation
The M-LIX equation has the form [16]
αe1y = f1e1x +
n∑
j=1
bje1 ∧ ∂
j
∂xj
e1 + c1e2 + d1e3 (14)
and the equations for e2y, e3y, ejt. The M-LIX equation (14) admits several
integrable reductions (see, e.g. the subsection 3.3).
3.1.2 The M-LXVII equation
The M-LXVII equation looks like [16]

 e1e2
e3


x
= A(λ)

 e1e2
e3

 (15a)

 e1e2
e3


t
= B(λ)

 e1e2
e3


y
+ C(λ)

 e1e2
e3

 . (15b)
Here A(λ), B(λ), C(λ) are some matrices. This equation also contents some
integrable reductions (see, e.g. the subsection 3.5).
3.1.3 The M-LX equation
This extension of the GWE (7) or the SFE (1) has the form [16]
α

 e1e2
e3


y
= A

 e1e2
e3


x
+B

 e1e2
e3

 (16a)

 e1e2
e3


t
=
n∑
j=0
Cj
∂j
∂xj

 e1e2
e3

 (16b)
where A,B,Cj - some matrices. Some integrable reductions of the M-LX equa-
tion (16) were presented in [16].
3.1.4 The modified M-LXI equation
The modified M-LXI (mM-LXI) equation, which is the (2+1)-dimensional in-
tegrable extension of the GWE (7), usually we write in the form [16]

 e1e2
e3


x
= A

 e1e2
e3

 ,

 e1e2
e3


y
= B

 e1e2
e3

 ,

 e1e2
e3


t
= C

 e1e2
e3


(17)
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with
A =

 0 k −σ−βk 0 τ
σ −τ 0

 , B =

 0 m3 −m2−βm3 0 m1
βm2 −m1 0

 , C =

 0 ω3 −ω2−βω3 0 ω1
βω2 −ω1 0

 .
(18)
In the case σ = 0 the mM-LXI equation transform to the M-LXI equation.
We think that the M-LXI equation (17) is integrable in general and admits
integrable reductions in particular (see, e.g. the subsection 3.2).
3.2 The mM-LXII equation and Soliton equations in 2+1 di-
mensions
Let us return to the mM-LXI equation (17). From (17) we obtain the following
mM-LXII equation [16]
Ay −Bx + [A,B] = 0 (19a)
At − Cx + [A,C] = 0 (19b)
Bt − Cy + [B,C] = 0. (19c)
The mM-LXI and mM-LXII equations are may be some of the (2+1)-
dimensional simplest, interesting and important integrable extensions of the
GWE (7)=(11) and GMCE (10), respectively. In fact, we observe that the
M-LXII equation (19) is the particular case of the other integrable equation,
namely the Bogomolny equation (BE). The BE has the form (see, e.g. [15])
Φt + [Φ, C] +Ay −Bx + [A,B] = 0 (20a)
Φy + [Φ, B] + Cx −At + [C,A] = 0 (20b)
Φx + [Φ, A] +Bt −Cy + [B,C] = 0. (20c)
Hence as Φ = 0 we obtain the mM-LXII (or M-LXII) equation (19). Hence
follows and the other remarkable fact, namely, the mM-LXII equation is exact
reduction of the Self-Dual Yang-Mills equation (SDYME)
Fαβ = 0, Fα¯β¯ = 0, Fαα¯ + Fββ¯ = 0 (21)
Here
Fµν =
∂Aν
∂xµ
− ∂Aµ
∂xν
+ [Aµ, Aν ] (22)
and
∂
∂xα
=
∂
∂z
− i ∂
∂t
,
∂
∂xα¯
=
∂
∂z
+ i
∂
∂t
,
∂
∂xβ
=
∂
∂x
− i ∂
∂y
,
∂
∂xβ¯
=
∂
∂x
+ i
∂
∂y
.
(23)
If in the SDYME (21) we take
Aα = −iC, Aα¯ = iC, Aβ = A− iB, Aβ = A+ iB (100)
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and if A,B,C are independent of z, then the SDYME (21) reduces to the mM-
LXII (or M-LXII as σ = 0) equation (19). As known that the LR of the SDYME
has the form [28, 29]
(∂α + λ∂β¯)Ψ = (Aα + λAβ¯)Ψ, (∂β − λ∂α¯)Ψ = (Aβ − λAα¯)Ψ (24)
where λ is the spectral parameter satisfing the following set of the equations
λβ = λλα¯, λα = −λλβ¯. (25)
Apropos, the simplest solution of this set has may be the following form [16]
λ =
a1xα¯ + a2xβ¯ + a3
a2xα − a1xβ + a4
, aj = consts.
From (24) we obtain the LR of the M-LXII equation (19)
(−i∂t + λ∂β¯)Ψ = [−iC + λ(A+ iB)]Ψ (26a)
(∂β − iλ∂t)Ψ = [(A− iB)− iλC]Ψ. (26b)
So the mM-LXII equation (19) is integrable in the sense that it admits the LR
(26). The other form LR for it we present in subsection 3.4 (see (62)).
Now we will establish the connection between the M-LXI and mM-LXII
equations (17), (19) and soliton equations in 2+1 dimensions. Let us, we assume
e1 ≡ S. (27)
Moreover we introduce two complex functions q, p according to the following
expressions
q = a1e
ib1 , p = a2e
ib2 (28)
where aj, bj are real functions. Now we ready to consider some examples.
3.2.1 The Ishimori and Davey-Stewartson equations
.
The Ishimori equation (IE) reads as
St = S ∧ (Sxx + α2Syy) + uxSy + uySx (29a)
uxx − α2uyy = −2α2S · (Sx ∧ Sy). (29b)
In this case we have [21]
m1 = ∂
−1
x [τy−
ǫ
2α2
M Ish2 u], m2 = −
1
2α2k
M Ish2 u, m3 = ∂
−1
x [ky+
τ
2α2k
M Ish2 u]
(30)
and
ω1 =
1
k
[−ω2x + τω3], ω2 = −kx − α2(m3y +m2m1) + im2ux
ω3 = −kτ + α2(m2y −m3m1) + ikuy + im3ux, M Ish2 =M2|a=b=− 1
2
. (31)
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Functions q, p are given by (28) with
a21 = a
′2
1 =
1
4
k2 +
|α|2
4
(m23 +m
2
2)−
1
2
αRkm3 − 1
2
αIkm2 (32a)
b1 = ∂
−1
x {−
γ1
2ia′21
− (A¯−A+D − D¯)} (32b)
a22 = a
′2
2 =
1
4
k2 +
|α|2
4
(m23 +m
2
2) +
1
2
αRkm3 − 1
2
αIkm2 (32c)
b2 = ∂
−1
x {−
γ2
2ia′22
− (A− A¯+ D¯ −D)} (32d)
where
γ1 = i{1
2
k2τ +
|α|2
2
(m3km1 +m2ky)−
1
2
αR(k
2m1 +m3kτ +m2kx) +
1
2
αI [k(2ky −m3x)− kxm3]} (33a)
γ2 = −i{1
2
k2τ +
|α|2
2
(m3km1 +m2ky)+
1
2
αR(k
2m1 +m3kτ +m2kx) +
1
2
αI [k(2ky −m3x)− kxm3]}. (33b)
Here α = αR + iαI . In this case, q, p satisfy the following DS equation
iqt + qxx + α
2qyy + vq = 0 (34a)
−ipt + pxx + α2pyy + vp = 0 (34b)
vxx − α2vyy + 2[(pq)xx + α2(pq)yy] = 0. (34c)
So we have proved that the IE (29) and the DS equation (34) are L-equivalent
to each other. As well known that these equations are G-equivalent to each
other [31]. Note that the IE contains two reductions: the Ishimori I equation
as αR = 1, αI = 0 and the Ishimori II equation as αR = 0, αI = 1. The
corresponding versions of the DS equation (34), we obtain as the corresponding
values of the parameter α (for details, see, e.g. the ref. [21]).
3.2.2 The Zakharov II and M-IX equations
Now we find the connection between the Myrzakulov IX (M-IX) equation and
the curves (the M-LXI equation). The M-IX equation reads as
St = S ∧M1S+A2Sx +A1Sy (35a)
M2u = 2α
2S(Sx ∧ Sy) (35b)
where α, b, a= consts and
M1 = α
2 ∂
2
∂y2
+ 4α(b − a) ∂
2
∂x∂y
+ 4(a2 − 2ab− b) ∂
2
∂x2
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M2 = α
2 ∂
2
∂y2
− 2α(2a + 1) ∂
2
∂x∂y
+ 4a(a+ 1)
∂2
∂x2
A1 = i{α(2b + 1)uy − 2(2ab+ a+ b)ux}
A2 = i{4α−1(2a2b+ a2 + 2ab+ b)ux − 2(2ab+ a+ b)uy}. (36)
The M-IX equation was introduced in [16] and is integrable. It admits several
integrable reductions:
i) the Ishimori equation (29) as a = b = −1
2
;
ii) the M-VIII equation as a = b = −1,X = x/2, Y = y/α,w = −α−1uY
St = S ∧ SY Y + wSY (35a)
wX + wY + S(SX ∧ SY ) = 0 (35b)
iii) the M-XXXIV equation as a = b = −1,X = t
St = S ∧ SY Y + wSY (35a)
wt + wY +
1
2
(S2Y )Y = 0 (35b)
and so on [16]. In our case we have
m1 = ∂
−1
x [τy −
β
2α2
M2u], m2 = − 1
2α2k
M2u, m3 = ∂
−1
x [ky +
τ
2α2k
M2u]
(37)
and
ω1 =
1
k
[−ω2x + τω3], (38a)
ω2 = −4(a2 − 2ab− b)kx − 4α(b− a)ky − α2(m3y +m2m1) +m2A1 (38b)
ω3 = −4(a2−2ab−b)kτ−4α(b−a)km1+α2(m2y−m3m1)+kA2+m3A1. (38c)
Functions q, p are given by (28) with
a21 =
|a|2
|b|2 a
′2
1 =
|a|2
|b|2 {(l+1)
2k2+
|α|2
4
(m23+m
2
2)− (l+1)αRkm3− (l+1)αIkm2}
(39a)
b1 = ∂
−1
x {−
γ1
2ia′21
− (A¯−A+D − D¯)} (39b)
a22 =
|b|2
|a|2 a
′2
2 =
|b|2
|a|2 {l
2k2 +
|α|2
4
(m23 +m
2
2)− lαRkm3 + lαIkm2} (39c)
b2 = ∂
−1
x {−
γ2
2ia′22
− (A− A¯+ D¯ −D) (39d)
where
γ1 = i{2(l + 1)2k2τ + |α|
2
2
(m3km1 +m2ky)−
(l + 1)αR[k
2m1 +m3kτ +m2kx] + (l + 1)αI [k(2ky −m3x)− kxm3]} (40a)
γ2 = −i{2l2k2τ + |α|
2
2
(m3km1 +m2ky)−
9
lαR(k
2m1 +m3kτ +m2kx)− lαI [k(2ky −m3x)− kxm3]}. (40b)
Here α = αR + iαI . In this case, q, p satisfy the following Zakharov II (Z-II)
equation [32]
iqt +M1q + vq = 0 (41a)
ipt −M1p− vp = 0 (41b)
M2v = −2M1(pq). (41c)
As well known the Z-II equation admits several reductions: 1) the DS-I
equation as αR = 1, αI = 0; 2) the DS-II equation as αR = 0, αI = 1; 3) the
Z-III equation as a = b = −1 and so on [32, 16].
3.3 The M-LIX equation and Soliton equations in 2+1 dimen-
sions
Now let us consider the connection between the M-LIX equation (14) and (2+1)-
dimensional soliton equations. Mention that the M-LIX equation is one of
(2+1)-dimensional extensions of the SFE (1). As example, let us consider the
connection between the M-LIX equation and the Z-II equation (41). Let the
spatial part of the M-LIX equation has the form [16]
αe1η = ie1 ∧ e1ξ ++i(q + p)e2 + (q − p)e3 (42a)
and the equations for the e2y, e3y. This set of these equations can be consid-
ered as some generalization of the Belavin-Polyakov equation [28]
e1η = ±e1 ∧ e1ξ (43)
which arises in several physical applications. In terms of matrices the equations
(42) we can write in the form [16]
αeˆ1η =
1
2
[eˆ1, eˆ1ξ ] + i(q + p)eˆ2 + (q − p)eˆ3 (44a)
αeˆ2η = [eˆ1, eˆ2ξ] + ieˆ3ξ + i(A+B)eˆ3 + (A−B)eˆ2 − i(p+ q)eˆ1 (44b)
αeˆ3η = [eˆ1, eˆ3ξ ]− ieˆ2ξ − i(A+B)eˆ2 + (A−B)eˆ3 + (p− q)eˆ1 (44c)
where
eˆ1 = g
−1σ3g, eˆ2 = g−1σ2g, eˆ3 = g−1σ1g, ξ =
y
α
, η = 2x+
2a+ 1
α
y.
(45)
Here σj are Pauli matrices. Hence follows that the matrix-function g satisfies
the equations
αgy = B1gx +B0g (46)
with
B0 =
(
0 q
p 0
)
, B1 =
(
a+ 1 0
0 a
)
. (47)
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To find the time evolution of matrices eˆj we require that the matrices eˆj satisfy
the following set of the equations which is the time part of the M-LIX equation
(14)
ieˆ1t = −{[(2b + 1)eˆ1 + 1][eˆ1, eˆ1ξξ] + [2(2b + 1)F+ + F−][eˆ1, eˆ1ξ ] +Qeˆ1ξ}+
−{[(c12 + c21) + i(p − q)F+]eˆ2 − [i(c12 − c21) + (p− q)F−]eˆ3} (48a)
ieˆ2t = [−P+i(c11−c22)]eˆ3+[i(p−q)F++(c12+c21)]eˆ1+−Qeˆ3eˆ1ξ+ieˆ3eˆ1ξξ eˆ1+i(p−q)eˆ1eˆ1ξ+
i
4
[i(2b+1)eˆ2−eˆ3][eˆ1, eˆ1ξξ]−T [eˆ2, eˆ1ξ ]+[2b+1+eˆ1]{ieˆ1ξξ eˆ3+1
4
[eˆ1, eˆ1ξξ]eˆ2+
1
2
[eˆ2, eˆ1ξξ ]eˆ1}
(48b)
ieˆ3t = P eˆ2+[c11−c22−i(c12−c21)−(p−q)F−]eˆ1+Qeˆ2eˆ1ξ+T [eˆ3, eˆ1ξ ]−1
4
[(2b+1)eˆ3−ieˆ2][eˆ1, eˆ1ξξ−
ieˆ2eˆ1ξξeˆ1 − [2b+ 1 + eˆ1]{ieˆ1ξξ eˆ2 + 1
4
[eˆ1, eˆ1ξξ]eˆ3 +
1
2
[eˆ3, eˆ1ξξ]eˆ1} (48c)
where
Q = 2(2b+1)F−+4F++(p+q), P = i[2(2b+1)(F−F++F+ξ )+(p+q)F
++F−
2
+F+
2
+2F−ξ ],
T = 2(2b + 1)F+ + (2b+ 1)F−eˆ1 + 2F+ + F− +
1
2
(p+ q)eˆ1 +
1
2
(p − q)eˆ3.
We note that as follows from these equations the vector e1 satisfies the M-IX
equation
ieˆ1t =
1
2
[eˆ1,M1eˆ1] +A1eˆ1y +A2eˆ1x (49a)
M2u =
α2
2i
tr(eˆ1([eˆ1x, eˆ1y]). (49b)
The time part of the M-LIX equation (48) immediently gives the equation
gt = 2C2gxx + C1gx + C0g (50)
where
C0 =
(
c11 c12
c21 c22
)
, C2 =
2b+ 1
2
I +
1
2
σ3, C1 = iB0. (51)
Here
c12 = i(2b − a+ 1)qx + iαqy, c21 = i(a− 2b)qx − iαpy (52)
and cjj are the solutions of the following equations
(a+ 1)c11x − αc11y = i[(2b− a+ 1)(pq)x + α(pq)y] (53a)
ac22x − αc22y = i[(a− 2b)(pq)x − α(pq)y]. (53b)
So we have identified the curve, given by the M-LIX equation (42) and
(48) with the M-IX equation (35)≡(49). On the other hand, the compatibilty
condition of equations (46) and (50) is equivalent to the Z-II equation (41).
So that we have also established the connection between the curve (the M-LIX
equation) and the Z-II equation. And we have shown, once more that the M-IX
equation (35) and the Z-II equation (41) are L-equivalent to each other. Finally
we note as a = b = −1
2
from these results follow the corresponding connection
between the M-LIX, Ishimori and DS equations [21]. And as a = b = −1 we
get the relation between the M-VIII, M-LIX and Zakharov-III equations (for
details, see [16]).
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3.4 The M-LVIII, M-LXIII equations and Soliton equationa in
2+1 dimensions
In the C-approach, our starting point is the following (2+1)-dimensional M-
LVIII equation [16]
rt = Υ1rx +Υ2ry +Υ3n (54a)
rxx = Γ
1
11rx + Γ
2
11ry + Ln (54b)
rxy = Γ
1
12rx + Γ
2
12ry +Mn (54c)
ryy = Γ
1
22rx + Γ
2
22ry +Nn (54d)
nx = p11rx + p12ry (54e)
ny = p21rx + p22ry. (54f)
It is one of the (2+1)-dimensional generalizations of the GWE (3) and admits
several integrable reductions. Practically, all integrable spin systems in 2+1
dimensions are some integrable reductions of the M-LVIII equation (54). For
eexample, the isotropic M-I equation (76) or in the vector form
St = (S ∧ Sy + uS)x (101a)
ux = −S(Sx ∧ Sy) (101b)
is the particular case of the M-LVIII equation (54). In fact, let rx = S, then
the M-I equation (101) takes the form
rt = (u+
MF√
g
)rx − M√
g
ry + Γ
2
12n (102)
with
u = ∂−1x [
√
g(LΓ212 −MΓ211). (103)
This equation (102) is in fact the particular case of the M-LVIII equation (54)
with
Υ1 = u+
MF√
g
, Υ2 = −M√
g
, Υ3 = Γ
2
12
√
g. (104)
Sometimes it is convenient to work using the B-approach. In this approach
the starting equation is the following M-LXIII equation [16]
rtx = Γ
1
01rx + Γ
2
01ry + Γ
3
01n (55a)
rty = Γ
1
02rx + Γ
2
02ry + Γ
3
02n (55b)
rxx = Γ
1
11rx + Γ
2
11ry + Ln (55c)
rxy = Γ
1
12rx + Γ
2
12ry +Mn (55d)
ryy = Γ
1
22rx + Γ
2
22ry +Nn (55e)
nt = p01rx + p02ry (55f)
nx = p11rx + p12ry (55g)
12
ny = p21rx + p22ry. (55h)
This equation follows from the M-LVIII equation (54) under the following con-
ditions
Γ101 = Υ1x +Υ1Γ
1
11 +Υ2Γ
1
12 +Υ3p11
Γ102 = Υ2x +Υ1Γ
2
11 +Υ2Γ
2
12 +Υ3p12
Γ103 = Υ3x +Υ1L+Υ2M
p01 =
FΓ302
g
, p02 = −EΓ
3
02
g
, g = EG− F 2 (56)
Note that the M-LXIII equation (69) usually we use in the following form
Zx = AZ, Zy = BZ, Zt = CZ (57)
where
A =

 Γ
1
11 Γ
2
11 L
Γ112 Γ
2
12 M
p11 p12 0

 , B =

 Γ
1
12 Γ
2
12 M
Γ122 Γ
2
22 N
p21 p22 0

 , C =

 Γ
1
01 Γ
2
01 Γ
3
01
Γ102 Γ
2
02 Γ
3
02
Γ103 Γ
2
03 0

 .
(58)
The compatibility condition of the equations (57) gives
Ay −Bx + [A,B] = 0 (59a)
At − Cx + [A,C] = 0 (59b)
Bt − Cy + [B,C] = 0 (59c)
that is the mM-LXII equation (19). These equations are equivalent the relations
ryxx = rxxy, ryyx = rxyy (60a)
rtxx = rxxt, rtxy = rxyt, rtyy = ryyt. (60b)
Note that (60a) is the well known GMCE (10). So that the M-LXII equation
(59) is one of the (2+1)-dimensional generalizations of the GMCE (10). In the
orthogonal basis (6) the equation (57) takes the form

 e1e2
e3


x
=
1√
E


0 L − g√
E
Γ211
−βL 0 −gp12
βg√
E
Γ211 gp12 0



 e1e2
e3

 (61a)

 e1e2
e3


y
=
1√
E


0 M − g√
E
Γ212
−βM 0 −gp22
βg√
E
Γ212 gp22 0



 e1e2
e3

 (61b)

 e1e2
e3


t
=
1√
E


0 Γ301 − g√EΓ201
−βΓ301 0 −gΓ203
βg√
E
Γ201 gΓ
2
03 0



 e1e2
e3

 . (61c)
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This equations we can rewrite in terms of 2×2 matrices as
gx = Ug, gy = V g, gt =Wg (62)
where
U =
1
2i
√
E

 −√gp12 L+ i
√
g
E
Γ211
L− i
√
g
E
Γ211
√
gp12

 (63a)
V =
1
2i
√
E

 −√gp22 M − i
√
g
E
Γ212
M + i
√
g
E
Γ212
√
gp22

 (63b)
W =
1
2i
√
E

 −√gΓ203 Γ301 − i
√
g
E
Γ201
Γ301 + i
√
g
E
Γ201
√
gΓ203

 . (63c)
From these equations follow
Uy − Vx + [U, V ] = 0 (64a)
Ut −Wx + [U,W ] = 0 (64b)
Vt −Wy + [V,W ] = 0 (64c)
that is the other form of the mM-LXII equation (59). The equation (64a) is the
GMCE (10). Note that the M-LXIII equation in the form (61) have the same
form with the mM-LXI equation (17) with the following identifications
k =
L√
E
, σ =
g
E
Γ211, τ = −
g√
E
p12 (65a)
m1 = − g√
E
p22, m2 =
g
E
Γ212, m3 =
M√
E
(65b)
ω1 = − 1√
E
gΓ203, ω2 =
g
E
Γ203, ω3 =
1√
E
Γ301. (65c)
So that the set of the linear equations (62) can be considered as one of the form
of the LR for the mM-LXII equation (19).
3.5 The M-LXVII equation and Soliton equations in 2+1 di-
mensions
In this section we consider curves and/or surfaces which are given by the fol-
lowing M-LXVII equation [16]
 e1e2
e3


ξ1
= B

 e1e2
e3

 ,

 e1e2
e3


ξ2
= C

 e1e2
e3


ξ4
+D

 e1e2
e3

 . (66)
Hence we have the 3-dimensional M-LXX equation
−bBξ4 +Bξ2 −Dξ1 + [B,D] = 0 (67)
which is the compatibility condition of the equations (66) as C = bI.
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3.5.1 The 3-dimensional Self-Dual Yang-Mills equation
To derive the SDYME in d = 3 dimensions we consider the following particular
case of the M-LXVII equation [16]
 e1e2
e3


ξ1
= (A1 − λA3)

 e1e2
e3

 (68a)

 e1e2
e3


ξ2
= λ

 e1e2
e3


ξ4
+ (A2 − λA4)

 e1e2
e3

 . (68b)
The compatibility condition of these equations yields the 3-dimensional
SDYME
A2ξ1 −A1ξ2 + [A2, A1] = 0 (69a)
−A3ξ4 + [A4, A3] = 0 (69b)
A1ξ4 −A4ξ1 + [A1, A4] = −A3ξ2 + [A2, A3]. (69c)
3.5.2 The Zakharov I equation
Now let us we consider the M-LXVII equation in the form [16]
 e1e2
e3


x
= (A1 − λA3)

 e1e2
e3

 (70a)

 e1e2
e3


t
= λ

 e1e2
e3


y
+A2

 e1e2
e3

 (70b)
with
A1 =

 0 i(q − p) (q + p)−i(q − p) 0 0
−(q + p) 0 0

 (71a)
A2 =

 0 (q + p)y i(p − q)y−(q + p)y 0 v
−i(p − q)y −v 0

 (71b)
A3 =

 0 0 00 0 1
0 −1 0

 . (71c)
The compatibility condition of these equations gives
iqt = qxy + vq (72a)
−ipt = pxy + vp (72b)
vx = 2(pq)y (72c)
which for convenience we call the Zakharov I (Z-I) equation [32].
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3.5.3 Integrable spin systems
Now we consider the case when the curves/surfaces are given by the following
geometrical equation [16]

 e
′
1
e′2
e′3


x
= −λA3

 e
′
1
e′2
e′3

 (73a)

 e
′
1
e′2
e′3


t
= λ

 e
′
1
e′2
e′3


y
− λA4

 e
′
1
e′2
e′3

 (73b)
with
A3 =

 0 rS1 −irS2−rS1 0 S3
irS2 −S3 0

 , A4 =

 0 −ir[2iS3S2y − 2iS2S3y + iuS1] −r[2S3S1y − 2S1S3y − uS2]ir[2iS3S2y − 2iS2S3y + iuS1] 0 −[ir2(S+S−y − S−S+y )− uS3]
r[2S3S1y − 2S1S3y − uS2 ir2(S+S−y − S−S+y )− uS3 0

 .
(74)
Here we have the additional condition
S23 + r
2(S21 + S
2
2) = 1, r
2 = ±1. (75)
The equation (73) with the condition (75) we call the M-LXVI equation. From
the compatibility condition of the equations (73) we obtain the Myrzakulov I
(M-I) equation
iSt = ([S, Sy] + 2iuS)x (76a)
ux = − 1
2i
tr(S[Sx, Sy]) (76b)
where
S =
(
S3 rS
−
rS+ −S3
)
, S± = S1 ± iS2. (77)
3.5.4 The (2+1)-dimensional mKdV equation
.
Let us now we consider the following version of the M-LXVII equation
 e1e2
e3


x
= (A1 − λA3)

 e1e2
e3

 (78a)

 e1e2
e3


t
= λ2

 e1e2
e3


y
+ (D1λ+D0)

 e1e2
e3

 (78b)
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whereA1, A3 are given by (71) andDk are some matrices [16]. Then the complex
functions q, p satisfy the (2+1)-dimensional complex mKdV equation
qt + qxxy − (qv1)x − v2q = 0 (79a)
pt + pxxy − (pv1)x − v2p = 0 (79b)
v1x = 2(pq)y (79c)
v2x = 2(pqxy − pxyq) (79d)
which is the 2+1 dimensional complex mKdV [30]. If p = βq is real, we get the
following mKdV equation
qt + qxxy − (qv1)x = 0 (80a)
v1x = 2β(q
2)y. (80b)
3.5.5 The (2+1)-dimensional derivative NLSE
.
Let now we work with the following form of the M-LXVII equation [16]

 e1e2
e3


x
= (A3λ
2 +A1λ)

 e1e2
e3

 (81a)

 e1e2
e3


t
= λ2

 e1e2
e3


y
+ (D2λ
2 +D1λ+D0)

 e1e2
e3

 (81b)
where A1, A3 are given by (71). Then the complex functions q, p satisfy the
Strachan equation [30]
iqt = qxy − 2ic(vq)x (82a)
−ipt = pxy + 2ic(vq)x (82b)
vx = 2(pq)y . (82c)
3.5.6 The M-IIIq equation
.
At last we consider the case
 e1e2
e3


x
= (A3(cλ
2 + dλ) +A1(2cλ+ d))

 e1e2
e3

 (83a)

 e1e2
e3


t
= 2(cλ2 + dλ)

 e1e2
e3


y
+ (D2λ
2 +D1λ+D0)

 e1e2
e3

 (83b)
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where A1, A3 are given by (71). Then the complex functions q, p satisfy the
(2+1)-dimensional M-IIIq equation [16]
iqt = qxy − 2ic(vq)x + d2vq (84a)
−ipt = pxy + 2ic(vq)x + d2vp (84b)
vx = 2(pq)y . (84c)
The M-IIIq equation (84) admits two integrable reductions: the Strachan equa-
tion (82) as d = 0 and the Z-I equation (72) as c = 0.
4 Soliton geometry in d = 4 dimensions
There exist several equations of the soliton geometry in d = 4 dimesions. Some
of them we present here.
4.1 The M-LXVIII equation
Consider the M-LXVIII equation [16]

 e1e2
e3


ξ1
= A

 e1e2
e3


ξ3
+B

 e1e2
e3

 (85a)

 e1e2
e3


ξ2
= C

 e1e2
e3


ξ4
+D

 e1e2
e3

 (85b)
where e2j = 1, (eiej) = δij and A(λ), B(λ), C(λ),D(λ) are (3×3)-matrices, λ
is some parameter, ξi are coordinates. This equation describes some four di-
mensional curves and/or ”surfaces” in 3-dimensional space. It is one of main
equations of the multidimensional soliton geometry and admits several inte-
grable reductions.
4.2 The M-LXXI equation
Consider the M-LXXI equation [16]

 e1e2
e3


ξ1
= A

 e1e2
e3

 ,

 e1e2
e3


ξ2
= B

 e1e2
e3

 (86a)

 e1e2
e3


ξ4
= C

 e1e2
e3


ξ3
+D

 e1e2
e3

 (86b)
The compatibility condition of these equations gives some nonlinear evolu-
tion equations (NEEs).
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4.3 The M-LXI equation
Consider the 4-dimensional M-LXI equation [16]

 e1e2
e3


ξ1
= A

 e1e2
e3

 ,

 e1e2
e3


ξ2
= B

 e1e2
e3



 e1e2
e3


ξ3
= C

 e1e2
e3

 ,

 e1e2
e3


ξ4
= D

 e1e2
e3

 . (87)
The compatibility condition of these equations gives the following 4-dimensional
M-LXII equation
Aξ2−Bξ1+[A,B] = 0, Aξ3−Cξ1+[A,C] = 0, Aξ4−Dξ1+[A,D] = 0 (88a)
Cξ2−Bξ3+[C,B] = 0, Dξ2−Bξ4+[D,B] = 0, Cξ4−Dξ3+[C,D] = 0. (88b)
This equation contents many interesting 4-dimnsional NEEs.
4.4 The M-LXX equation
From (85) we get the following M-LXX equation [16]
ADξ3 − CBξ4 +Bξ2 −Dξ1 + [B,D] = 0 (89a)
Aξ2 −CAξ4 + [A,D] = 0 (89b)
[A,C] = 0 (89c)
Cξ1 −ACξ3 + [C,B] = 0. (89d)
If we choose
A = aI, C = bI, a, b = consts (90)
then the M-LXX equation (89) takes the form
aDξ3 − bBξ4 +Bξ2 −Dξ1 + [B,D] = 0. (91)
4.5 The SDYME
Now we assume that
B = A1 − λA3, D = A2 − λA4, a = b = λ. (92)
So that the M-LXVIII equation takes the form [16]

 e1e2
e3


ξ1
= λ

 e1e2
e3


ξ3
+ (A1 − λA3)

 e1e2
e3

 (93a)
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
 e1e2
e3


ξ2
= λ

 e1e2
e3


ξ4
+ (A2 − λA4)

 e1e2
e3

 . (93b)
From (91) we obtain the SDYME
A2ξ1 −A1ξ2 + [A2, A1] = 0 (94a)
A4ξ3 −A3ξ4 + [A4, A3] = 0 (94b)
A1ξ4 −A4ξ1 + [A1, A4] = A2ξ3 −A3ξ2 + [A2, A3] (94c)
or
Fξ1ξ2 = 0, Fξ3ξ4 = 0, Fξ4ξ1 − Fξ3ξ2 = 0. (94d)
Here
Fξiξk = Akξi −Aiξk + [Ak, Ai].
The SDYME (94) on a connection A are the self-duality conditions on the
curvature under the Hodge star operation
F = ∗F (95a)
or in index notation
Fµν =
1
2
ǫµνρδF
ρδ (95b)
where ∗ is Hodge operator, ǫµνρδ stands for the completely antisymmetric tensor
in four dimensions with the convention: ǫ1234 = 1. The SDYME is integrable
by the Inverse Scattering Transform method (see, e.g. [28,29]). The Lax repre-
sentation (LR) of the SDYME has the form [28, 29]
Φξ1 − λΦξ3 = (A1 − λA3)Φ (96a)
Φξ2 − λΦξ4 = (A2 − λA4)Φ. (96b)
Hence follows that for the SDYME the spectral parameter λ satisfies the equa-
tions
λξ1 = λλξ3 , λξ2 = λλξ4 . (97)
These equations have the following solutions
λ =
n1ξ3 + n3
n4 − n1ξ1 , λ =
m1ξ4 +m3
m4 −m1ξ2 . (98)
So that the general solution of the set (97) has the form
λ =
n1ξ3 + n3 +m1ξ4
n4 − n1ξ1 −m1ξ2 (99)
where mi, ni = constants. The corresponding solution of the SDYME (94) is
called the breaking (overlapping) solutions.
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5 Conclusion
In this note, we have formulated the some classes of the motion of curves/surfaces
in d = 3, 4-dimensional space using the differential geometry. It is shown that
some of these curves/surfaces are integrable in the sense that they are connected
with the well known integrable equations in multidimensions. Examples include
practically all known multidimensional integrable (soliton) equations: the DS,
Zakharovs, NLS-types, (2+1)-KdV, mKdV , Ishimori, M-IX, M-I equations and
the SDYME. In particular, we have shown that one of (2+1)-dimensional ex-
tensions of the GMCE (10), namely, the M-LXII (or mM-LXII) equation
(19)=(59) is integrable as the particular case of the integrable BE (20).
It means that the M-LXII equation is exact reduction of the famous
SDYME. In turn, it indicate that almost all known soliton eqiations in
2+1 dimensions are exact reductions of the SDYME since these equa-
tions obtained from the mM-LXII (or M-LXII) equation as some particular
cases (see for instance refs [?-?]).
Although main elements of our approach have been established, but there
remain many problems to be studied. The study of some of these problems
will be the subjects of our future works. Here only we note that there exists
the other approach to study of the multidimensional soliton geometry devel-
oping mainly by Konopelchenko and coworkers (see, e.g. refs. [9, 11-14] and
references therein). The main tool of this approach is a generalized Weierstrass
representation for a conformal immersion of surfaces into R3 or R4, and also a
linear problem related with this representation. A consideration of the linear
problem along with the Weierstrass representation allows to express integrable
deformations of surfaces via such hierarchies soliton equations as a Veselov-
Novikov hierarchy, DS hierarchy and so on. Thus, in this context, this and our
approaches, developing in paralleel, have the common purpose, namely, the con-
struction surfaces (and curves) inducing by multidimensional soliton equations
and complement to each other.
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